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Nonlinear Parametric Oscillations in
Certain Stochastic Systems:
A Random van der Pol Oscillator

Renato Spigler'?
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A stochastic model for some class of nonlinear oscillators, which includes a van
der Pol-type oscillator with random parameters, is analyzed in the diffusion
{imir. That is, small random fluctuations and long time are considered, while the
nonlinearity is also assumed to be small. We show that there exist stationary dis-
tributions, independent of the phase of the oscillator, a result proved earlier by
R. L. Stratonovich_assuming the random perturbations of the frequency to be
delta correlated. The time behavior of the moments of the displacement of the
oscillator from its rest position is also investigated and the results are compared
with the corresponding ones for the linear random oscillator. A numerical study
is also performed for the first two moments and plots are given.

KEY WORDS: Nonlinear random oscillators; van der Pol oscillator; initial-
value problems for stochastic ordinary differential equations; numerical treat-
ment of boundary-value problems for linear singular parabolic differential
equations.

1. INTRODUCTION

An oscillator is a physical system where the oscillatory behavior, i.e., essen-
tially the periodic behavior of some quantity, is the main feature. This
includes such mechanical and electrical systems as pendulums, clocks,
vacuum-tube devices, or just a particle performing a periodic motion
around its rest position, subject to some restoring forces. Indeed, the
atomic oscillator is one of the simplest examples, which is quite familiar to
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ali physicists. To engineers, oscillator is a synonym of a circuit designed to
generate sine waves (or other wave forms) for a variety of purposes such
as, for instance, producing the carrier frequency in radio communications.

The oscillatory behavior referred to above may represent a wanted
and valuable effect or also a parasitic or harmful one.

In the simplest case of systems with only one degree of freedom, the
relevant mathematical description requires studying initial-value (1V)
problems for second-order ordinary differential equations (ODE’s).

In order to have “self-excited” (i.e., some kind of self-sustained)
oscillations, say in some given electrical circuit, one is led to study certain
classes of nonlinear second-order ODE’s: for instance, the nonlinearity
represents the saturating limiting effect, due to the device itself which, on
the other hand, produces and amplifies some voltage or current (see Ref. 9,
for example).

In general, some or all of the parameters of the system, i.e., of the coef-
ficients of the ODE, are time dependent. This fact is referred to by saying
that we are considering parametric systems (cf. Ref. 10, p. 277).

On the other hand, even small random fluctuations in the parameters,
accumulated over long intervals of time, are important, in that they may
change radically every situation for which a deterministic analysis predicts
stability or instability. For example, referring again to the case of a
vacuum-tube circuit, one may wish to take into account the effects of inter-
nal shot noise or that of externally applied random excitations.

In this paper we study free self-excited oscillations in certain nonlinear
parametric systems with random parameters. They include a stochastic ver-
sion of the classical van der Pol oscillator. It is when the characteristic of
the vacuum tube is cubic that we are led to study the van der Pol equation,
with various forms for the random coefficients (see, e.g., Ref. 10).

For generalities about linear random oscillators see, e.g., Refs. 1 and 6.

For the sake of generality, we shall consider the IV problem

¥+ 262[2(t) + () w(p*)*] ¥ + w31 +eu(t)] y* =0 )
YO0 =y,  y(0)=y, '

where y°© is real valued, ¢ >0 is a small parameter, w is a real parameter
which sizes the nonlinearity, w, is the radian frequency of the (unpertur-
bed) oscillator; A(¢), u(t), v(z) are suitable stochastic processes on some
probability space.

This equation includes the classical deterministic van der Pol oscillator
[Mt)= —1, v(r)w=1, u(t)=0], while by replacing (¥°)* by (y*)* we get
the classical Rayleigh oscillator.
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It is convenient to introduce the van der Pol variables p®(t), ¢°(¢),
defined by

¥t =p(1) cos[wot + ¢°(1) ]

, , (1.2)
Vo= —op*(r) sinfwor + ¢°(1) ]
so that equation (1.1) can be rewritten in the form
. Wy ,
pf=¢ > pou(t) sin(2wgt + 2¢°)
— & {v(z) % 0?11+ cos(Qwot + 20°)] + ;.(z)}
X [1—cos(2wqgt + 2¢%) ] (1.3}

¢ =¢ % W[ 1 + cos(Qwqt +26°)]

g2 {v(t) g pP[1+ cos(2wot +24°)] + /1(1)} sin(2wt + 26°)

with p*(0) = (¥} + g 2y3)'% ¢°(0) = —arctan(yy/wq 1),
We write, for short

; o =¢eF,(t; p°, ¢°) + &G (1; p*, ¢°)
G = eF,(t; p°, ¢°) + 2Gy(1; p°, ¢°)

In Section 2 we state the main hypotheses on the processes A, y, v and
compute the infinitesimal generator for the limiting process to which the
process (p°, ¢°) converges, in some sense. Therefore, the Fokker—Planck
and the Kolmogorov backward equations for such a limiting process are
readily obtained. With such equations at hand, we prove the existence of
nontrivial stationary distributions, independent of phase (Section 3): This
result was proved earlier by Stratonovich, assuming the random pertur-
bation of the frequency to be a delta-correlated process, as an
approximation of a stochastic process with small correlation time (Ref. 10,
pp. 302-305).

The time evolution of the moments of the displacement of the
oscillator from its rest position is also studied (Section 4): We first discuss
existence, uniqueness, and obtain some estimates from the backward
equation, by using the Feynman-Kac formula. Finally, in Section 5, we
perform a numerical study of the first two moments.

(1.4)

822/41/1-2-12%
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2. ASYMPTOTIC STATISTICAL ANALYSIS

We assume that A(¢), u(¢), v(z) in (1.3) are real-valued stochastic
processes on some probability space (2, (X, P) almost surely bounded,
wide-sense stationary and such that E{A(¢)} =y, E{u(t)} =0, E{v(t)} =
vo>0, E{u(t) u(s)} = R(|t —s|). Here E{-} means taking expected values,
that is integration over 2, with respect to the measure P, and R(-) is the
correlation function of u(t). The process u(t) is supposed to satisfy a strong
mixing condition, with mixing rate decreasing to zero sufficiently fast (cf.
Refs. 5 and 7).

Under these conditions, it is possible to carry out an asymptotic
analysis of system (1.3), which allows us to compute various statistics of
the solution (p®(¢), ¢°(t)) and therefore of y°(¢). In fact, a limit theorem due
to Khas’minskii® ensures that, for every 1t,>0, the process
(p°(e%t), ¢°(£%t)) converges weakly, as ¢ » 0, t — +oo with &’ = const, (dif-
fusion limit), on the interval 0<e’r<t,, to a Markov process, say
(p(e%t), ¢(¢%t)). Moreover, this process turns out to be continuous with
probability 1, and with infinitesimal generator

2 62 2 a
= Y afn) et ¥ [hia) el g (2.1)

Lj=1 i=1 i

where z:= [p¢]7, and the diffusion matrix {a,(z)} and the drift vector
[b(z) +c; (z)]T are given by

am)= tm ' [ [ E{F(s,2)F(0,2)) dsds (i, j=1,2)
i " J

t— +o o
! s 2 ;
b= tim [0S B0 T2 wa 22)
t— +ow t0 101 54

to+t
cf{z)= lim flf E{G(s,2)}ds  (i=1,2)
t— 400 i)
with Fs,z)=F(s; p, ¢), Gs,2)=G(s;p, #). The integrals in (2.2) are
supposed to exist uniformly in 7, and z.

Remark 2.1. We observe that F,, G, and their first two derivatives
with respect to z, do not satisfy the boundedness condition which was
assumed in the original formulation of Khas’'minskii’s theorem. However,
this theorem still holds true as long as the problem (2.9) below has a uni-
que solution: a;, b;, ¢, can be unbounded provided that the limiting process
has infinite explosion time with probability 1 (cf. Ref. §).
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Evaluating a;, b, [by using the assumptions made on u(¢)] is rather
lengthy though elementary. We obtain

b ¢ b
a11=‘2‘92a A= —dn=5p; a22=a+-2— (2.3)
3
bl:i bp, b,=c (2.4)
where we set

2 0)2 CO2

a=—250), b= TO Re S(2w,), c= —4-0- Im SQw,)  (2.5)
+ o .

S(x) = jo R(&) ™ de (2.6)
2S8(x) being the power spectral density of u(t). We observe that a;, b, are
not affected by the nonlinearity, in this model.

Computing the ¢’s, we get
w
= —pp—gvopS =0 27)

Therefore

2 2
Lsgpz%-{—(%b-—y*%%pz) p%+<a+g>a%2+c% (2.8)
With this operator at hand, we are able to describe the time evolution
of the expected value of any (bounded) continuous function Q(p, ¢) of the
limiting process (p, ¢), and that of the transition probability density of the
solution, in the limit described above. In fact, these are given by the
backward equation

oU
=
P [U]
2P G T\ T TR )Py, (29)
L (auh\PU, U
2) 367 o
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where t =¢%, and by the forward or Fokker—Planck equation

_ba a[/(3 W,
=325 0055 (30Tt )or ] g
N a+é 62P_ opP
2) 382 “op
P(p, ¢;0) = d(p — p(0)) (¢ — $(0))
respectively. L* denotes the adjoint of L.

It will be useful sometimes to use the variables (r, ¢), with p=¢’,
instead of (p, ). In these coordinates (2.9), (2.10) take on the form

Ju _ b 0%u (b w 5\ Ou ot b\ 0%u N Ju
o 208 R I P Y ¥ Y Y
ul._o=q(r, 9) (2.9

where u(r, ¢; v)=Ule’, §; 1), g(r, ¢) = 0(e’, ¢), and

2 2
a_p—bap+<y+mezr>a_p+<a+é>a_p

ot 20 4 or 2) 04>
op b 3 ) (2.10")
—ca¢+<y—2+4wvoe >p

p(r, ¢;0) = 0(r —r(0)) (¢ — ¢(0))

The advantage of using the coordinates (r, ¢) is that in the linear problem
(w=0) the operator L has constant coefficients.

Remark 2.2. We observe that the operator defined in (2.8) can be
written

L=L,+L, (2.11)

where L, does not depend on ¢ and L, does not depend on p. The
probabilistic interpretation of this splitting up of the infinitesimal generator
is that the two-dimensional Markov process generated by L actually con-
sists of two independent one-dimensional Markov processes.
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3. STATIONARY DISTRIBUTIONS

A meaningful and important question in the theory of oscillations is to
determine whether there exist stationary (i.e., equilibrium) solutions, that is
nontrivial solutions which, eventually, will not vary any more in time. We
turn this question to the statistics of the solutions. Stationary distributions
are known not to exist in the corresponding linear problem, w=0.

Therefore, we set formally /0t =0 in (2.10), and consider the elliptic
equation thus obtained:

b 0? )
25[)2( 2 oo)_ap|:< b— y—zv0p>ppoo:|

PP, P,

As the coefficients of the operator acting on P_, do not depend on ¢,
we may look for solutions depending only on p: The so-obtained equation
is still affected by the nonlinearity. This occurrence is due to a possible
competition “between A(r) and v(¢) w(y®)*” in the original equation (1.1).
Equation (3.1) reduces therefore to

d? d 29wy
p) | (3-F -5 or. | =0 (32)

which has the general solution

Po(p) =k, p* e P f” E A DN GE | ) pa L= et (33)

0

where we set

Y WVq
=2({1—= =— i
( b>, 1= (34)

and k,, k, are two constants to be determined. Note that « < Ofory s b,
and n 2 0 for wv, 2 0. It is lengthy but elementary to show that k, must
vanish: If we set Poo(p) ki yi(p)+k, y,(p), in fact, it is possible to prove
that, otherwise, k; y,(-)¢ L(R™), whichever the sign of «, # may be (zero
included). Moreover, k, y,(-)e L(R"), as is required, only for a>0 (ie.,
y/b<1) and n>0. We compute k, from the normalization condition

[T Patpydo=tes [ pt-2rre et gp (3:5)
0 0
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We get
2 wvo\'
— 270 3.6
k2 F(l—v/b)<4b> (3¢)
and therefore

_ 2 wig\! " 1 29b Wre) » +
ro-mrm () e ()0 e
(3.7)
(cf. Ref. 10, p. 304).

We now discuss the meaning of the sign of «, #, ie., the physical inter-
pretation of the conditions « >0, n>0.

The effect of the randomness, which enters the problem through the
parameter »>0 is to let the mean-square displacement of the oscillator
blow up. A similar effect is produced by the amplification or “negative
resistance” due to the system, whenever y <0 (y >0 represents a damping).
Note that condition «=2(1—7y/b)>0 is in particular satisfied when y <0
(recall that for the classical deterministic van der Pol oscillator y = —1).

On the other hand, there is a feedback mechanism, due to the non-
linearity of the system, that stabilizes the growth of the oscillations,
providing a saturation.

Therefore a competition is possible among all these phenomena.
Without this, no stationary solution can exist: There are stationary
solutions if and only if there is an acrual, effective competition. In par-
ticular, the linear random oscillator (3 =0) has no stationary solutions as
was known. If 5 <y, on the other hand, there is no parametric excitation,’
and therefore no stationary solutions.

4. THE TIME-DEPENDENT PROBLEM

We now turn our attention to the study of the time-dependent
solutions of (2.9) [(2.9')]. As such systems are linear and have coefficients
depending only on p (onr), we can carry out a Fourier analysis with
respect to ¢, reducing their study to that of the time evolution of single har-
monics.

More specifically, we shall discuss system (2.9), for the quantity
U(p, ¢; ©). Setting

Y 2a 2¢

b’ 5 b )
T —é’f |
)

3 Indeed, b >y is referred to as the condition for parametric excitation; cf. Ref. 10, p. 304.
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(2.9) becomes

U U oU PU U
C el Unpp B 02
A A T A 42)

Ulp, $;0)=Q(p. ¢)

with n defined in (3.4). We used the same notation for the function U, after
changing 7 into 7,.
Expanding U, Q in Fourier series with respect to ¢,

+ 00 +
U(p’ ¢a Tl) = z Um(p; Tl) etm(ﬁ, Q(p’ ¢) = Z Qm(p) elm¢
m= —o0 m= —o0 (43)
we get from (4.2)
oU o*U au
P=p? 4+ (A=) =2+ B,U,, O<p<owo, 7,>0
ot op op
Un(p, 0)=0Q,(p), 0O0<p<o (44)
where
B, = —m’B+ imC (4.5)

We shall consider, typically, Q(p, ¢)=p*e*?, or Q(p, ¢)=p*, for a
fixed k, k=1, 2,.... Therefore

0,.(p) = {gk lfg; (k fixed = 1, 2,...) (4.5
or
0,.(p) = {gk g Z ;0 (k fixed = 1, 2,...) (4.5)
respectively. In fact, our main goal is to evaluate the moments
E, [p(t)) e* ] =Udpo,t,), k=1,2 (4.6")
or
E, [p“(t)1=Uolpo, 1), k=1,2 (4.6")

In (4.6”) we used a different notation for the solution of (4.4) with con-
ditions (4.5"), for convenience.
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Note that, by Remark 2.2 and (4.6’), (4.6"),
Uk(pOa 11) = Epo[pk(fl)] E¢0[eik¢>(z1)] — UO,k(pOa Tl) E%[eiké(tx)] (47)

On the other hand, from (4.2) follows that the process p satisfies the It
equation

dp=(A—np*p dv, +/2 p dB(z)) (4.8)

f(-) being the one-dimensional standard Brownian motion. The process ¢
is a Brownian motion itself, with drift, satisfying the It6 equation

d¢=Cdr,+ (2B)"? d(z,) (4.9)
Therefore [cf. formula (4.23) below]
E, [e™#)] = gt ke = By (4.10)
and from (4.7)
Unlpor 1) = Uox(po, 1) e"hoet*e~ #m (4.11)
In particular, we get

[Ui(po> 7)) = 1 Ugulpo, 7)) €< (4.117)

It follows that it will not be necessary to consider the problem (4.4) for
U,, but only that for U,,.

As only the one-dimensional Markov process p needs to be studied in
detail [cf. Remark 2.2 and (4.8), (49)], it is natural to invoke Feller’s
theory of one-dimensional diffusion.®’

It is convenient to consider the “transformed” process r =log p, gover-
ned by

dr=(c—ne”) d,+/2dB(x,), a=A—1 (4.12)

It is easy to check that the boundary r = —oo (p =0) is a natural boundary,
in the terminology introduced by Feller (see Ref 2, pp.487, 516),
whichever the sign of « and n is. On the other hand, the boundary r= 400
(p= +o0) is an entrance boundary when n>0 (for any «), and an exir
boundary when # <0 (for any «).

Therefore, when 5 >0 the backward equation has a unique solution,
but in the corresponding forward equation uniqueness is lost. The converse
happens when # <0. Compare also the necessary and sufficient condition
for uniqueness given by Hille.®’



Nonlinear Parametric Oscillations in Stochastic Systems 185

Note that, when # <0 the (limiting) process explodes in finite time,
with probability 1. Therefore its moments cannot be defined and, a fortiori,
convergence of the moments of y° to those of y becomes meaningless (cf.
Ref. 8, p. VI-13, Remark 2).

By setting Uy, = p*v,,, equation (4.4) with m =k, together with the
1V (4.5"),

5U0k zaZUOk 2 ank
LLAR— 5. + A_ )p »:
o, * o (A =np ap (4.13)
UO,k(pa 0)= Pk

can be transformed into one with a constant IV. This can be useful for both
numerical and analytical purposes. We obtain

2
6U0‘k_ 2 5 Uo’k

ot, op?

Vo ke

0
+(A+2k—np*)p
dp

+k(A+k—1—np*)vg,

volp, 0)=1 (4.14a)

We shall use system (4.14a) in Section 5, for numerical purposes. Here
we perform an additional transformation on such a system, rewritten in
coordinates (r, 7,), i.¢.,

Qg %oy

:
R 20k L (A +k—1—5e”) vy

or
vox(r, 0)=1 {4.14b)

+(A4+2k—1—ne”)

where we wrote v, (7, 7,) for vy (e, ,), for short.

We want to state, at this point, existence, uniqueness and some
estimates for the solution to problem (4.14b), when # > 0. Note that such a
problem involves a partial differential equation over an unbounded domain
and with rapidly increasing coefficients, while (4.14a) is also degenerate at
p=0. This program will be carried out by using the celebrated Feyn-
man-Kac formula (cf. Ref. 4, e.g.).

Changing v, into ¥V, with

a
vO,k(r9 Tl)zp(r’ ’7) VO,k(r,Tl), p(ra H)Eexp<_7kr+g:ezr> (415)

where

= A+ 2%k~ 1 (4.16)
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in (4.14b), we get
WVoi *Vox

1
== P V
ot, 2 or? +P(r1) Vs
a (4.17)
V0= =ep (G
where we set

T,=21

’ 1 (4.18)
P(r,n)= —gln’e” —2(4+ 1) ne* + (4 —1)*]
Now, P(r, 3} is bounded from above:
A

Plr,n) <~ (4.19)

as is immediately seen. Therefore the solution V,, to (4.17) can be
represented by the Feynman—Kac formula

NL 2 _ 1 T2
Vox <"’ 2) Er {pw(m, P Uo PE)m) ds]} (420)

where fB(-) denotes the one-dimensional Brownian motion on [0, + o),
starting from B(0)=r, and E,{-} means taking expected values with
respect to the Wiener measure. The superscript “NL” stresses the fact that
we are considering the nonlinear problem (n>0). In the corresponding
linear problem, n =0, we have

p(r, 0)=exp(— A r/2), P(r,0)= —44—-1)*=P (4.21)

and therefore the explicit result

. 5)- e[ s

~, {op| Gp) [ e
= exp (% r> exp [(%’2‘ + P) 12] (4.22)

Here “L” stands for linear and we used the formula
E {1} = ghveht? (4.23)

valid for any constant .
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From (4.20), (4.18), and (4.21) we get

2 a
e

X €xp {— ;13"7 joz PO pe?P) _ (4 +1)] ds}} (4.24)
For # 20 we get the estimate
0< VEk (r, %) <efmE, {exp [% ﬁ(tz)}} exp [% (4+1)° T2j|
= exp (% r> exp [(06,2( +44) %} (4.25)

as  —ime™[ne™ —2(A+1)]<L(A4+1)% and using formula (4.23).
Therefore

a
0< VEk(r, 1) <exp (—2—" r) exp [(06,3 +44) ﬂ (4.26)

Recalling (4.22), we may also write

0< VR 7)) < Vhy(r, 7,) exp [(A:”ﬂ (4.27)

Going back to vi}, vg,, we obtain from (4.15) and (4.26)
0<o}k(r, 7,) <exp (Z ez’) exp [(0(,%+4A)%] (4.28)

Similarly, we get
vg,(r, T,) =exp |:<2P'+ 2’2’25) ‘cl]
=exp[k(d+k—1)1,] (4.29)
Finally, it can be useful to compare viy with vf,:*

0 <olE(r, 1) <vk,(r, ;) exp (g 62’> exp {(A : 2 ‘cl} (4.30)

4 B. White pointed me out that, starting from (4.8), the estimate (4.30) could be improved by
getting o]'E < vk,
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Observe that (4.29) can be derived directly from (4.14b) with # =0: as
the IV as well as the coefficients are independent of r, looking for solutions
also independent of r, we just have to solve

Ovg

oty

=k(A+k_1)UO,ka Uo,k(i’, O):l

which gives (4.29), as
2

_a
2P+Tk:k(A+k—1)

recalling (4.21) and (4.16).
We make some comments, finally, about the (time) growth rates of
Url(po, T1), as by (4.11')

7k2Br1

[Ur(po, t1)|l = ngo,k(,oo, T,)e

In the linear case, recalling (4.29) and (4.1), we get

k(A +k—1)—k*B= —k[k(B—1)— (4 —1)]

_ ka Y
= -2k [(7—1)4—5} (4.31)

For some k, k=1, 2,.., we may have growth, but certainly for k large
enough there will be decay. When, e.g., a+7y>=b, we have decay for all
k=1,2,3,.. This condition is satisfied, for instance, when y >0, as a> b,
but also for y<0, |y|<a—b. In any case we get the bound
(1/4)[(4 — 1)*/(B—1)]=(b/2a)(1 — y/b)* for all the growth rates:

b 2
Oévék(r,r1)<expl:§(—l<l—%> rl], k=1,2,3,. (432)

Similarly, in the nonlinear case we have, from (4.30), the time growth
rate

1(A + 1) + linear growth rate

the linear growth rate being given by (4.31). Therefore it is estimated by

(A—l)z]

1 2
Z[(A+1) T
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uniformly, in &, k=1, 2, 3,.... Thereforec we obtain

0<vhr(r, 1,)<exp (g e"’)

X exp {[1+2(1—%>+<1+2ba><1_-2->2}1} (433)

uniformly in k£, k=1, 2, 3,..

It is also pos51ble to obtaln estimates for the derivatives dvg/dr,

vhE/or?, or viE, vRE. where vpt = U,/p*, the solution to (4.4), (4.5"),
m=k [cf. (4.11)]. We describe the procedure and omit the details. By dif-
ferentiating in (4.14a), we obtain a system for dvg(r, t,)/0r. The equation
here will be inhomogeneous, but the inhomogeneity term will depend only
on v}, and this, in view of (4.28), can be considered as “known” for the
purpose of estimating dvy/0r. The IV is zero. Then we represent the
relevant Green’s function for the corresponding homogeneous problem by
means of the Feynman-Kac formula, and obtain therefore the solution to
the full inhomogeneous problem as well. It results in the estimate for v}y,

[oRE(r, 1)l < ¢y exp( 62’+2r) el —e ) (4.34)
where
kn a, .
= —(Zk A+k*B— =4k +1
c, Z(k—l—l)’ Cy = <2 +2> —(A+k 2), €3 {(k+1)

(4.35)
, being defined in (4.16).
By proceeding in a similar way, we can derive an estimate for v} as
well:

Ivﬁh(r,rl)|<4nexp<z 2’—{—2r> exp{ —[3(4—1)+k’B—9]1,}

ki’] X et 1 phm_ | (edBTl,,.l)
— e — k 4.36
x[26<d1 Z )* Z J (3.3¢)
where we set, for short,
(A‘I)z 2
d = 3 +2k+4)(A—-1)+2k*+ 12k +8
1
dzzdl—c3=§(A—1)2+2(k+4)(A—1)+2k2+8k+4 (4.37)

1
dy=3 (A=1)+ 2k +3)(A— 1)+ 2K + 4k —4
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The estimates (4.34), (4.36) show, in particular, that vRr(r, 7)), v 5(r, 7;)
are infinitesimal as » —» —oo, for t,€[0, T], VT > 0.

5. NUMERICAL TREATMENT

In this Section we describe the results of the numerical treatment of
equation (4.14a) that we performed to obtain the time behavior of the first
two moments of the displacement of the oscillator corresponding to the
model equation (1.1).

Equation (4.14a) actually describes the time evolution of the moments
of the limiting process, and we shall consider them as an approximation of
the former quantities.

In order to carry out the computations in practice, we must choose a
correlation function, for example, the exponential

R(&) = Ry exp(—[£]/Zo) (5.1)

where &, > 0 represents some correlation time. Then the power spectral den-
sity can be obtained from (2.6):

S(x)= Ry &o(1 +ix¢,)

1+ x%E2
and therefore, from (2.5) we get
_ 9% _ w5 Rodo 0} 2Ro&o)(@oo)
a—4R0£o, b—4 1+4w(2)€3, 6_4—_—_———1—}—4(0(2)6%

We need only the nondimensional quantities

a C
Z: 1 +(2wofo)za E=2wofo
(5.2)
7_8 7 1+ Qwed)” _ WV
b~ Rewy 2w98s 7 2b

However, the only independent parameters to be assigned are wy&q, /Wy,
R,, and . Also the IV p(0)=p, and ¢ must be considered as parameters:
As for the latter, observe that there are two time scales, according to the
times ¢ and 7, = (b/2) &’1.

In handling numerically systems such as (4.14a), we notice that they
should be integrated over an unbounded domain @, = {(p, 1,): 0 < p < o0,
0 <1, < T}. In practice, of course, we have “to cut” such a domain, to get a
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bounded one, say 2, r={(p,7): 0<p<puma, 0<7,<T}. An
additional boundary condition is thus required at p = p,,,,. In order to get
such a condition, we exploit the symmetry of both the equation and the IV
in (4.14a). This implies that

Ovo 4

dp

=0 (5.3)

p=0

provided that lim, o, 0v,,/0p exists. Indeed, cf. (4.34), recalling that
p=e". Moreover, as changing p into g, o = 1/p, takes system (4.14a) into

OV zaZUOk Ui Vo
= : 2—A-2k+— :
ot R il ke

k
+[k(A+k-1)-—ﬂvo,k, O<o<ow, 7,50  (54)
o .

1
vo,k<;,0>=l, O<o<

if we assume v, to be differentiable at =0 (ie, at p=00), we obtain,
again by symmetry, the boundary value v, /00 |, _,=0. We impose such a
condition on the “artificial” boundary p =p,..:

0vg 4

e =0 (5.5)

A = Pmax

Then we solve numerically system (4.14a), completed by conditions
(5.3), (5.5). The final goal is to compute

Epo{)’(t)} = po Re{v,(py, 7,)} cos wyt

. b
—poIm{v,(py, 7,)} sin wy? (rlzzezt) (5.6)

from (4.14a) with k=1, and recalling (4.11) and the transformation Upi =
Pka,k, U, =p“v,. Similarly, for k=2

E, {y3()} =300 Re{v,(po, 71)} cos(2wy?)
— pdIm{v,(py, 1)} sin(Rwyt)] + 303V02(Po> T1) (5.7)

The numerical implementation of systems (4.14a) was done by using
an implicit scheme of finite differences, namely the Crank-Nicholson
scheme.
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The choice of p,,,, must be such that we can compute good, accurate
values of v}k at p=p,, up to some time 7., =7, within a certain fixed
error. In fact, as p =p_., approximates p = oo, by reducing it we may
expect loss of accuracy, as the time integration proceeds.

For a given p,= p(0), we chose N, and 4p = po/(N,— 1), with 4p suf-
ficiently small, for the purpose of accuracy. Then we determined N, and
Pmax = (N, —1) 4p, together with 7, by experimentation. As we were con-
tent to get good results up to p = p,, we reduced N, in such a way that the
results were appreciably unchanged (within an error of 10™°) up to p = p,.
Up to N,=1200 (corresponding to T= N, 41, At as below), this was
largely true when p,=1, Ny=20, for N, = 60. Therefore we used a space
mesh Ap ~0.0526. However, as this experiment was conducted for a single
set of parameters, we chose N, appreciably larger, N,=80, so that
Pmax = 4.1578. Also, the quantities we computed were essentially zero
before arriving at N, = 1200 time steps.

By reducing the time mesh At from 04x 1077 to 04x107% no
appreciable improvement was observed in computing the first moments.
The same happened reducing further 4t to 0.1x107% for the second
moments. We used At=0.4x10"* throughout the computations. It was
noticed that At should be reduced when the nonlinearity parameter 5 is
increased more and more and the integration is extended over long time
ranges, to avoid numerical instability.

Other parameters used were Ro=1, w,¢,=1, and ¢=0.1, while y/b
and n = v,w/2b were given several values.

We plotted the results in Figs. 1-9. In Figs. 1A, 2A, and 3A we plotted
the modulus of the first moment, that of the time-fluctuating part in the
second moment, and the phase-independent part of the second moment,
respectively, for y/b=0.1, n=v,w/2b=2. These quantities are v}", v}’
vd%, in the notation of Sections 4 and S above. The quantities for the
corresponding /inear problem are also plotted, for comparison.

In Fig. 4 we show the second moment (obtained from the quantities
plotted in Fig. 2A, 3A), as well as the corresponding quantity for the linear
problem. The modulation of the unperturbed oscillations by the random-
ness is also evident.

The function represented in Fig. 4(a) tends to a nontrivial limit, as
(b/2) e*t — o0, since y/b<1 and n>0 correspond to a case in which
stationary solutions occur (cf. Section 3). The function represented in
Fig. 4(b) blows up in the limit, as was known for the linear random
oscillator (cf. Ref. 6). We note also that the first moments are less damped
than the second ones (Figs. 1A, 2A).

In Fig. 1B, 2B, and 3B we plotted quantities like those in Figs. 1A, 2A,
3A, respectively, but for y/b=0.8, n =2. The phase is also shown, while in
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general we did not draw it, being of minor importance. There are, in fact,
two time scales in the oscillator we have been studying, one according to
the deterministic oscillations, and one characterizing the random fluc-
tuations. They can be compared by the ratio

welt 2w,
== 5.8
* T, be? (58)

(7, is nondimensional). Recalling (5.2) and using Ry=1, wy¢, =1, to com-
pute wo/b=(y/b)/(y/ws), we get x=40/e%. Choosing ¢=0.1 we get
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k = 4000, which means that 4000 deterministic oscillations take place on
the time scale characteristic of the random fluctuations and therefore the
phase changes due to the randomness are negligible.

In Figs. 59, we show the phase-independent part of the second
moment, v,,, for several values of the parameters y/b and 5. Figure 5(a)
corresponds to y/b=5, n=2. Recalling that there exist (nontrivial)
stationary distributions if and only if y/b <1 and n> 0 (cf. Section 3), there
is numerical evidence that, indeed, in such case they do rot occur.

The graph (b), in Fig. 5 represents the solution which obtains by
setting # = -2 in the previous case. It must be clear that, when p_,, — 0,
this will nor give the solution to the original problem with = —2: In fact,
for n <0 uniqueness is lost, as was observed above.

In Fig. 6, we present two cases with y/b=0.8: (a)y=04 and
(b) n =10, where stationary distributions do occur. However this does not
become clear in a relatively short range.

In Fig. 7 things are much more transparent: In case (a), y/b= —1 (cf.
the classical van der Pol oscillator), =2, there is a clear numerical
evidence of the occurrence of stationary solutions. Fig. 7, (b) corresponds
toy/b=0.8,n= -2, and Fig. 7, (¢) to y/b= —1, y = —2, but, as was obser-
ved before, the cases with # <0 do not correspond to cases of interest.
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Figure 8 shows the behavior of v, for y/b=0.8, n=10, and finally
Fig. 9 does the same for y/b= —10, = 10.

From the graphs in Figs. 6-9 we can see that stronger nonlinearity #,
with # > 0, “stabilizes” more (i.e., faster) the behavior. In fact it is the non-
linearity which “saturates” the oscillations. On the other hand, negative
values of y satisfy the condition required to have stationary distributions
(for what concerns y), and have the effect of raising the curves, (compare
Fig. 7(b) with Fig. 7(c), and Fig. 8 with Fig. 9). In fact, y <0 represents an
amplification.
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